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Abstract. The action of a Lie pseudogroup Q on a smooth man- 
ifold M induces a prolonged pseudogroup action on the jet spaces 
J" of submanifolds of M. We prove in this paper that both the 
local and global freeness of the action of Q on J" persist under 
prolongation in the jet order n. Our results underlie the construc- 
tion of complete moving frames and, indirectly, their applications 
in the identification and analysis of the various invariant objects 
for the pseudogroup action on J°° . 



1. Introduction 

The results in this paper are motivated by recent developments 
in the study of pseudo-groups, their moving frames and invariants, 
and a range of applications, [U [25], [26], [27]. The classical treatments 
PQ El [EE] of moving frames are primarily concerned with equivalence, 
symmetry and rigidity properties of submanifolds S C G/H of homo- 
geneous spaces under the natural action of G. Moving frames in these 
time-honored problems may in effect be identified as suitably normal- 
ized equivariant local sections on S of the bundle G — ► G/H, or as 
lifts to G of maps into G/H by means of such sections. A more general 
point of view is adopted in [B] , where an alternate description of a mov- 
ing frame is put forth as an equivariant section of the action groupoid 
M x G —> M associated with the Lie group action on a manifold M. 
This reformulation served to open a wide range of applications reaching 
well beyond those afforded by the classical approach to moving frames. 
See |22j for a recent survey of activity in this 

Given an infinite dimensional pseudogroup Q acting on M, our main 
focus lies on its induced action on submanifolds S C M. In this frame- 
work the principal protagonists are the jet spaces of pseudogroup 
transformations and J n of submanifolds of M, endowed with the nat- 
ural action of Q. For pseudogroups, which are characterized via their 
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action on a manifold, the proper analogue of the finite dimensional ac- 
tion groupoid is furnished by the bundles £^ — > J n composed of pairs 
(z (n) ,g (n) ) of jets z (n) G J n and g (n) G £ (n) with the same base point 
in M. Moving frames can then be conceived as local sections of £^ 
equivariant under the joint action of Q on the constituent spaces, and 
are, likewise to the finite dimensional situation, ordinarily constructed 
via a normalization process based on a choice of a cross section to the 
pseudogroup orbits in J n , cf. [25] . 

In concrete applications one frequently deals with moving frames of 
increasingly high order that are mutually compatible under the nat- 
ural projections 7r^ +fc : J n+k J n . These, by the way of projective 
limits, collectively form a so-called complete moving frame on J°°. As 
expounded in [2"5"l , complete moving frames, when combined with 
Grobner basis techniques, can be effectively used to identify differential 
invariants, invariant differential forms, operators of invariant differen- 
tiation, and so on, for the prolonged action of Lie pseudogroups on 
J°°, and to uncover the algebraic structure of the invariants and of the 
invariant variational bicomplex, [13]. We refer to (31 HI [19], [27], 12H] for 
recent applications involving the method of moving frames for infinite 
dimensional pseudogroups. 

In the finite dimensional situation of a Lie group action, the existence 
of a moving frame requires that the action be locally free, However, 
as bona fide infinite dimensional groups cannot have trivial isotropy, 
one is lead to define (local) freeness of the action in terms of the jets 
of group transformations fixing a point in J n , [25]. The adapted defi- 
nition relying on jets constrains the dimensions of the jet spaces Q^ n \ 
and provide a simpler alternative to the Spencer cohomological growth 
conditions imposed by Kumpera, [2], in his analysis of differential in- 
variants. Our notion of freeness, when applied to finite dimensional 
group actions, proves to be slightly broader than the classical concept, 
and, as we will elaborate in section @] of the present paper, ensures the 
existence of local moving frames for pseudogroup actions on J". By 
contrast, extending the moving frame method and results to non-free 
actions remains an open problem. 

Since freeness is the essential attribute in our constructions, our first 
order of business is to establish its persistence under prolongations. 
Specifically, as the main contributions of the present paper, we prove 
in Theorems 15.11 and 15.21 that if a pseudogroup acts (locally) freely at 
z (n) e jn ; then it also acts (locally) freely at any Z (ri+A:) G J n+fc , k > 0, 
with ftn+ k ( z ( n + k )^j = z («). These results, notably, are the key ingredients 
to the construction of complete moving frames and, indirectly, underlie 
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the various applications requiring invariant quantities for pseudogroup 
actions and the analysis of their algebraic structure. The local result, 
Theorem 15. 1[ appeared in its original form in [26], with a proof resting 
on techniques from commutative algebra. Here we give an alternate, 
direct proof of the Theorem requiring only basic linear algebra. The 
global result of Theorem 15.21 is new and highlights the differences be- 
tween the classical finite dimensional theory of group actions, [21], and 
the infinite dimensional theory as developed in [25] . 

Our paper is organized as follows. We start in section [2J with an 
overview of the nuts and bolts of continuous pseudogroups, which is 
followed by an outline of prolonged pseudogroup actions on submani- 
fold jet bundles in section [31 Then, in section [U we review the method 
of moving frames for pseudogroup actions on submanifold jet bundles 
J n . These appear in two guises — as locally and globally equivariant 
sections of the bundle £( n > — > J n associated with the prolonged action 
- and we discuss conditions guaranteeing the existence of each type. 
Finally, in section [51 we establish the main results of this paper, namely, 
the persistence of both local and global freeness of pseudogroup actions 
under prolongation in the jet order. 



2. Lie Pseudogroups 

Let M be a smooth m-dimensional manifold. Denote the pseudo- 
group of all local diffeomorphisms (p of M with an open domain dom *p C 
M by V = V(M) and the bundle of their n th order jets g( n ) = j™ip, 
z e domcp, by £> (n) = V {n \M). Write 

(2.1) n k n .V^ k) — >V {n \ 0<n<k, 

for the canonical projections. The source cr n : T>( n ' — > M and target 
maps T n : — > M are given by 

(2.2) <r n 0» = z, r»0» = vW, 

respectively. Let D^ n >w = (cr n ) _1 (z) stand for the source fiber and 

Z>z = (c n ) _1 (z) n (r n ) _1 (z) for the Lie group of isotropy jets at z, the 
latter being isomorphic with the prolonged general linear group, that 
is, the Lie group of n-jets of local diffeomorphisms of lR m fixing the 
origin. 

The bundle is equipped with a groupoid multiplication, [15], 
induced by composition of mappings, 

(2.3) % (z) iI>-£<P = V(z) e dom^. 
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The operation ( 12. 3j) also defines the actions 

(2.4) Z^gW = C (g (,o^ " g W , ^g {n) = g (n) -i z >, 

of Z> on T>^ by left and right multiplication in an obvious fashion. 

Given local coordinates z = (z 1 , . . . , z m ), Z = (Z 1 , . . . , Z m ) on M 
about z and Z = ip(z), respectively, the induced local coordinates of 
g(n) _ jri^ ^ p(n) are gj ven by ^ z^), where the components 

of Z^> represent the partial derivatives of the coordinate expression 
tp a = Z a o{p evaluated at the source point z = <x n (g( n )). Following Car- 
tan, we will use lower case letters, z, x, u, . . . for the source coordinates 
and the corresponding upper case letters Z^ n \ U (n \ ...for the 

derivative target coordinates of the diffeomorphism jet g^ n \ 

Let X(M) denote the sheaf of locally defined smooth vector fields 
on M, and write J n TM for the space of their n th order jets. Given 
local coordinates z = (z 1 , . . . ,z m ) on M, a vector field is written in 
component form as 

m 

v= 

oz 



o=l 



and the coordinates on J n TM induced by (12.61) are designated by 

(2-7) (z,C (n) ) = (z a ,C b ,C---,g 1C2 ...J- 

A vector field v G X(M) lifts to a right-invariant vector field 

(2.8) A (n) (v) e XiV^) 

defined on (r") _1 (domv) C T>^ as the infinitesimal generator of the 
left action of its flow map ^ on V^ n \ cf. [24] . The lift A (n) (v) is ver- 
tical, that is, tangent to the source fibers T>^\ z and has the expression 

m n o 

(2.9) AW(v) = J^D^B^ ■■■® z > k C(Z)— 

o=l fc=0 6162— 6 fc 

in the local coordinates (12.51) . where 

(2.10) », = A + ^ + + ^^A. 4- • • • 

denotes the standard coordinate total derivative operators on T)(°°\ 
The lift map is easily seen to respect the Lie brackets of vector 
fields. 
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As is well known, the space J" Z TM of n-jets at z of vector fields 
vanishing at z becomes a Lie algebra when equipped with the bilinear 
operation induced by the usual Lie bracket of vector fields. With this 
operation, the lift map (12.111) can be seen to restrict to an isomorphism 

(2.11) X^-.JIJM — ► X R (Vi n) ), zeM, 

between J™ Z TM and the Lie algebra of right-invariant vector fields on 

the isotropy subgroup T>^ 1 \ 

Recall that an n + 1 jet j" +1 cr defines a linear map 

L.n+1, : T Z M — > T^PW by L^v = (jV) # v. 

Now the prolongation pr^ 1Z C X>( n+1 ) of a submanifold 1Z C 
consists of the n+1 jets j™ +1 o" with the property that the image of the 
associated linear map is tangent to 71, that is, L-n+i a (T z M) C Tjn a TZ. 

While it is customary to call a pseudogroup Q C V Lie if transfor- 
mations (p G Q satisfy the condition, originally introduced by Lie [18] . 
that they form the complete solution to a system of partial differential 
equations, several variants of the precise technical definition of a Lie 
pseudogroup exist in the literature, see e.g. 0, [T21 dU [TBI ES]- For the 
purposes of this paper the following will suffice. 

Definition 2.1. A subset Q C 7) is a Lie pseudogroup if, whenever ip, 
E G, then also ipo%jj~ l e £ where defined, and, in addition, there is 
an integer n* > 1 so that for all n > n* , 

1. the corresponding subgroupoid Q( n ' C 7)^ forms a smooth, em- 
bedded subbundle; 

2. every smooth function ip G X> satisfying G z G dom<^, 
belongs to Q; 

3. C/( n ) = pr( n ~ n *) Q( n *\ n > n*, agrees with the repeated prolonga- 
tion of (?("*>. 

Thus on account of condition (1), for n > n*, the pseudogroup sub- 
bundles c are defined in local coordinates by formally inte- 
grable systems of n th order partial differential equations 

(2.12) F {n \z,Z {n) ) = 0, 

the (local) determining equations for the pseudogroup, whose local so- 
lutions Z = <p(z), by condition (2), are exactly the pseudogroup trans- 
formations. Moreover, by condition (3), the determining equations in 
order n > n* can be obtained from those in order n* by a repeated 
application of the total derivative operators D 2 a defined in (I2.10p . 
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Remark: In [10], it is shown that, in the analytic category, the reg- 
ularity condition (1) and Lie condition (2) imply the integrability con- 
dition (3). 

Note that the customary requirements that a pseudogroup be closed 
under restriction of domains and concatenation of compatible local dif- 
feomorphisms are built into condition (2). Thus our Lie pseudogroups 
are always complete in the sense of [17]. The assumptions also imply, 
as per the classical result of E. Cartan [3D], that the isotropy jets 

(2.13) Qf ] = {g {n) G g {n) | <r"(g (n) ) = r"(g (n) ) = z} c £> ( z n) 

form a finite dimensional Lie group for all z G M and n > n* . 

Given a Lie pseudogroup Q, let g C X(M) denote the set of its 
infinitesimal generators, or Q vector fields for short. Thus q consists of 
the locally defined smooth vector fields v on M with the property that 
the flow maps for all fixed t, belong to Q. As a consequence of the 
group property in Definition l2.ll the Lie bracket of two Q vector fields, 
where defined, is again a Q vector field. 

Let J n Q denote the space of the jets of Q vector fields. In local 
coordinates (12.71) . the subspace J n g C J n TM is specified by a linear 
system of partial differential equations 

(2.14) L {n \zX [n) ) = 0, n>n*, 

for the component functions ( a = ( a (z) of a vector field obtained by 
linearizing the determining equations f 1 2 . 1 2 j) at the n-jet Iz = id of 
the identity transformation. Equations (I2.14p are called the linearized 
or infinitesimal determining equations for the pseudogroup. As a con- 
sequence of Definition 12. 1[ conversely, any vector field v satisfying the 
infinitesimal determining equations (12.141) can be shown to be an infin- 
itesimal generator for Q, cf. [23J. Furthermore, as with the determining 
equations (12. 12[) for pseudogroup transformations, the infinitesimal de- 
termining equations (12.141) in order n > n* can be obtained from those 
of order n* by repeated differentiation. 

While, by construction, the determining equations (12.121) for a pseudo- 
group are locally solvable, that is, any (z, 

e g(n) is t he jet of some 

ip G Q, it is not known to us if, in the C°° category, the same holds 
true for the linearized version (I2.14p of the equations. We will therefore 
make the additional blanket assumption that every n-jet G J n TM 
satisfying (12.141) can be realized as the n-jet of some Q vector field, 
that is, Q is tame as defined in [23]. In this situation, the lift map 
as given in (12.111) . restricts to an isomorphism between the Lie algebra 
J" z g of n-jets of Q vector fields vanishing at z and the Lie algebra of 
the isotropy subgroup G^K 
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In the case of a symmetry group of a system of differential equations, 
the linearized determining equations (I2.14p are the completion of the 
usual determining equations for the infinitesimal symmetries obtained 
via Lie's algorithm |20j . 

3. Jet Bundles 

For < n < oo, let J n = J n (M,p) denote the n th order (extended) 
jet bundle consisting of equivalence classes of p-dimensional subman- 
ifolds S C M under the equivalence relation of n th order contact, 
cf . [5], [20] . We use the standard local coordinates 

(3-1) z {n) = (*,« (b) ) = (x\u a ,u^ul h ,...,ul j2 ... jn ) 

on J n induced by a splitting of the local coordinates z = (x,u) = 
(x 1 , . . . , x p , u 1 , . . . , u q ) on M = J° into p independent and q = m — p 
dependent variables. Let 

7T*: J k — >J n , 0<n<k, 

denote the canonical projections. 

Local diffeomorphisms <p G D preserve the n th order contact between 
submanifolds, and thus give rise to an action 

(3.2) ^(z (n) ) = <p- z (n) , where z (n) G (^^(dom^) C J n , 

the so-called n th prolonged action of T> on the jet bundle J n . By the 
chain rule, the action (13.21) induces a well-defined action 

(3.3) £ g( n)(z (n) ) = g (n) - z (n) , where cr™(gW) = ^( Z W), 

of the diffeomorphism jet groupoid T>^> on J n . 

It will be useful to combine the two bundles T>^ and J n into a new 
bundle 8^ -> J n by pulling back cr n : £>(") -> M via the standard 
projection 7r™ : J™ — > M. Thus 8^ consists of pairs of jets, 

(z (n) ,g (n) ) G J n x 2?W, 

with G J n and g( n ) G based at the same point z = ^"(z^) = 
o-"( g (")) g M. 

Local coordinates on 8^ are written as 

(3.4) Z (n) = (z (n) ,Z (n) ), 

where z^ 1 = (x,u^) = (x l , u a , . . . , indicate sub- 

manifold jet coordinates, while 

z^ = (z a ,z a bi ,...,zt ib2 ... bn ) = (x^,u^) 
= (x\ u a , x bv u bl , . . . ,xi ib2 ... bn ,u blb2 ... bn ) 
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indicate the target derivative coordinates of a diffeomorphism. The 
source a n : 8^ — > J n and target r n : £^ n > — > J n maps on £( n > are 
respectively defined by 

(3.5) a n {z^\g^) = z (n) , r n (z (n) ,g (n) ) = g (n) • z (n) . 

Thus the latter simply represents the action of T>^ on J n . 
A local diffeomorphism (p e X> acts on the set 

{( z M ;g M) e f (n) |7r"( z W) e dom^} C £ (n) 

by 

(3.6) ^ ■ (zW,gW) = (j> ■ zWgW.j^- 1 ), 

where ^"(z^) = z. The action (13.61) obviously factors into an action 
of £> (n) on S( n \ which we will again designate by the symbol C. Note 
that the target map f" is manifestly invariant under the action (13.61) 
of the diffeomorphism pseudogroup, 

(3.7) T n (^-(zW,gW))=r"(zW,gW). 

In local coordinates, the standard lifted total derivative operators on 
£(oo) are gj ven by 

(3.8) I), = B xj + £ u« B ua + £ u'f jlj2 .., k 



du a ■ ■ 

a=l k>l WJ"A 



where D xJ , © u a are the total derivative operators (12. 10)) on T)(°°\ The 
lifted invariant total derivative operators on are, in turn, given by 



v 



(3.9) D XJ = J^WjD^, where = (D^A^)" 1 



k=l 



indicates the entries in the inverse of the total Jacobian matrix; see 
[25] . Then, by virtue of the chain rule, the expressions for the higher- 
order prolonged action of T>^ on J n , that is, the coordinates UJ of the 
target map r" ': £^ — > J™, are obtained by successively applying the 
derivative operators (13. 9p to the target dependent variables U a , 

(3.10) U» j2 ... jk =D xjl D X i 2 ---D X i k U a . 

Note that we employ hats in (13.101) to distinguish between the target 
jet coordinates of submanifolds and diffeomorphisms. 

Let v C X{M) be a smooth vector field with the flow map ^ . By 
definition, the prolongation pr^v of v is the infinitesimal generator 
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of the prolonged action of on (7r") _1 (dom v) C J n . Write 

P d 9 d 
v = E^ ^ + E^ 

i=l a=l 

in the coordinates (13.11) . Then the components 0" l3 - 2 ...j fc of 

i=l " X a=lfc<„ ^' /*.'*".// 

are given by the standard prolongation formula 

(3-i2) fe 2 .., fc = i>, i>,, ■ -Ee<- d ,.,v 

where 

(3.13) Q° = 0°-f<, a = l,...,g, 

denotes the components of the characteristic of v and D x j stands for 
the total derivative operators (I3.8P restricted to J°°, identified as the 
image of the identity section 

£(°°)| l(oo) = {(z^,!* 00 *) | z (oo) G J°°,z = ^(z (oo) )} 
in cf. [20]. 

Finally, in view of ( 13. 12ft . the prolongation pr^v(z^) of a vector 
field at z^ G J n depends only on the n-jet j"v of v at z = 7r™ (z^) 
and, consequently, the prolongation process induces well-defined linear 
mappings 

(3.14) pi» : J Z "TM — > T tn)J n , z = 7r?(z< n >). 



4. Moving Frames 

Given a Lie pseudogroup £ C P, we let T-^"- 1 C £( n ) denote the 
subbundle corresponding to the jets of transformations belonging to Q. 
Specifically, 

(4.1) n in) = {(z (n) , g (n) ) g £ {n) I g (n) g g {n) }. 

We will furthermore designate the restrictions of the source and target 
maps (13.5p to by <r^, t^. Let U C J n be open and connected. 
Then a /oca/ moving frame on W for the action of Q on J n is a 
section of 

cr n H : — U 

that is locally equivariant, that is, there is an open set 

(4.2) wc^nf^rt 
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containing the image of the identity section {(z< n >, I^ n) ) | GW}cW 
so that 

(4.3) ^(gW-zW) = £ gM p(z( n )), for all (zW,gW) G W. 

Note that if (H3J) holds in the open sets Wi, W 2 C ft (n) , then it also 
holds in the union Wi U W2, so that one can always assume that W is 
the maximal set with the required properties. 

A section of TiS n ' p — > IA is called a global moving frame, or simply a 
moving frame, if IA is stable under the action of Q^ n \ that is, IA is the 
union of the orbits of the action on J n , and if W in the equivariance 
condition (14. 3p can be chosen to be the entire set W = HS n \u- Call a 
local moving frame p^ : U — > normalized if p^{z^) = {z^ n \ I^) 
for some z^ 71 ' E IA. 

Moving frames pf ] : U {n) -> ft (n) , ) : W (fc) fc > n, are said 

to be compatible if 7r k (IA^) = and 

(4.4) pS n) o^(z (fc) )=^op? (z«) 

for all z^ E W k \ where Ti k : HS k ' — > stands for the canonical 

projection. A complete moving frame is provided by the projective 
limit of a mutually compatible collection p^ k ' : 14^ — > TiS k ' of moving 
frames of all orders k > n for some n. As expounded in [25] , complete 
moving frames can be effectively used to construct complete sets of 
differential invariants, invariant total derivative operators, invariant 
coframes, and so on, and to analyze the structure of the algebra of 
differential invariants for the action of pseudogroups on extended jet 
bundles. 

As for Lie transformation groups [6], the existence of a moving frame 
hinges on a suitable notion of freeness of the pseudogroup action on the 
jet bundles J n . However, in contrast with the finite dimensional case, 
bona fide infinite dimensional transformation groups cannot have trivial 
isotropy, and, as a result, we are lead to define freeness of the action in 
terms of jets of local diffeomorphisms stabilizing a given submanifold 
jet. 

Recall that as a consequence of Definition 12.11 the isotropy subgroup 
0to ={ g W G ^)|g(«). z W=zW} 

of a point z^ E J n , as a closed subgroup, forms a Lie subgroup of 
where z = tt^(z^). In addition, one can show that the Lie alge- 
bra of G( n ) can be identified with the kernel of the restriction of the 
prolongation map pr z („) in (I3.14p to J^ z 0. 
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Definition 4.1. A pseudogroup Q acts freely at e J n if its isotropy 
subgroup is trivial, G^l) = {Iz™^}, and locally freely if (/ („, is discrete. 



Thus the pseudogroup Q acts locally freely at z^ 1 ' precisely when the 
prolongation map pr („) : J™ g — > T („) J n is injective. In this situation 

the mappings pr z („) : J™ — > T (») J™ have maximal rank for all z^ 
contained in some neighborhood V C J n of and thus their images 
define an involutive distribution on V whose integral submanifolds are 
the intersections of ^-orbits on J n with V. A cross section, or transver- 
sal, to the orbits of Q through z^ is an embedded submanifold 
of J n containing z^ so that 

(4.5) T ( „) J n = T zln) K&> © im pr zW , for all z(") e 

Note that the existence of cross sections for locally free actions is a 
simple consequence of the classical Frobenius theorem, [20] . 

Theorem 4.2. Suppose Q acts locally freely at zjf 1 e J n . Then Q 
admits a normalized local moving frame on some neighborhood U C J n 
of z^ 1 ' . Suppose furthermore that one can choose a cross section 

K in) 

through z^> so that acts freely at each G and that any 

Q -orbit intersects in at most one point. Then Q admits a global 
moving frame in some open set U C J n containing zj^ . 

Proof. By assumption, the mappings pr («) : J" Q — > T m J n have max- 
imal rank for all z^ contained in some neighborhood V C J n of z^\ 
Let C V be a cross section to the orbits through z^ and write 
H^ljfW = (Z n n )-\K^). Let 

(4-6) M W ^Vw :WW |^ — * J " 

denote the target map restricted to W^ijf(n). By (|4.5p . the Jacobian 
of /i 1 -™^ is non-sing ular at (z^, n) , I^), and so, by the inverse function 
theorem, ^ n > restricts to a diffeomorphism from a neighborhood V C 
n {n) ]K (n) of (z^,!^) onto a neighborhood U C J n of z< n) . Write 

^(n) = ( t (n) )/y (n) 

) : W — > V for the inverse function and define a section 
: W -> ft (n) by 

p(")( z (»)) = (zW, 7 W(z (n) )- 1 ), 

where the exponent indicates the groupoid inverse on Q^ n \ A direct 
computation shows that for z^ = ^ n \k {n) , h (n) ), where (k (n) , h (n) ) e V, 
the equivariance condition 

(4.7) pW(g (B) -zW) = £ gW p(zW) 
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is satisfied provided that (k^,g^- h^) G V. But it is easy to see 
that the pairs (z^ n \ g' n ') fulfilling this condition form an open set W C 
1~&^\u containing the image of the identity section, and, consequently, 
p(«) provides a normalized local moving frame in the neighborhood Li 
afzW 

Next assume that is a cross section through so that 
acts freely at every k(") e and that each £( n ) orbit intersects 
at most at one point. These conditions are equivalent to the mapping 
jj,^ defined in f |4.6[) being one-to-one, and so the steps used above 
to construct a local moving frame will also prove the existence of the 
global counterpart provided that the rank of /i (n) is maximal at every 
point. 

To compute the rank of //W at {V^\ h< n) ) £ H {n \ K ( n) , write hj, n) = 
j™ if, <p G Q, and consider the mapping 

:(^o^)- 1 (dom^) c H("Vw — ► n^\ KM ; 



(4.8) 
Then obviously 



so 



/4 n) l(ki"\h^) OA v l(k<"\l£>) = (AO* lk<"> °^* n) l(k<"\l£>) • 

By assumption, the ranks of the differentials on the right-hand side of 
the equation are maximal, so yy^ must indeed have maximal rank at 
(k£ n) , h^) G 7i (n) |^(n). This completes the proof of the theorem. □ 

5. Persistence of Freeness 

In this final section we state and prove the main results of the paper 
establishing the persistence of both local and global freeness under 
prolongation of the pseudogroup action. 

Theorem 5.1. Suppose Q acts locally freely at where n > n* . 
Then it acts locally freely at any z^ +k) G J n+k with ^ +k {z^ +k) ) = . 

Proof. It suffices to consider the case k = 1 only. Fix z^ ) n+1 - ) G J n+l with 
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n+l^n+l)) = z (n)_ ^ g ^ freely ^ z (n+l) £ jn+l j f 



and only if the restriction of the prolongation map 

. jn+l rp jn+l 

Pr („+l) . J Q > J (n + l) J 

t-o *-o 

is injective, that is, 

(5.1) J z n o +1 nkerpr (n+1) = {0}. 
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Let v^ ra+1 - ) G </ z ™ +1 H ker pr z (n+i). Then obviously the projection v^ 1 
of v^ +1) into J n TM satisfies 

v< n > G J" o Q Pi ker pr in) , 
so, by assumption, must vanish. Thus in local coordinates, 



(n) 



(5-2) v(" +1 ) = (z o a ,0,...,0,Cj lC ,.. Cn+1 ), 

where the components ( b ClC2 ... Cn+1 are determined by the requirements 
that the jet v^ n+1 - ) satisfy the infinitesimal determining equations (12.141) 
of order n + 1 and be contained in the kernel of the prolongation map 
kerpr 

Recall that the infinitesimal determining equations in order n + 1 can 
be obtained from those in order n by differentiation. Thus an equation 

E E ^r- cfc (^)C 2 ... Cfc = o 

0<k<n l<b,ci ,...,Cfc<m 

of order n yields the equations 

(5.3) E ^;r^(^)C lC2 ... c „ Cn+1 =0, c n+1 = l,...,m, 

l<b,ci,...,c n <m 

for the coordinates ( b ClC2 ... Cn+1} and v^ 1 * 1 G J n+1 g precisely when all 
the derived equations of this form are satisfied. 

Divide, as usual, the local coordinates (z a ) = (x\ u a ) of M into inde- 
pendent and dependent variables, and denote the induced coordinates 
on J n TM by 

(C a ) = (t (b a ) 
Next define the differential operators 

(5.4) = B xi + u a o p ua 

on J°°TM, where Y) x i , D u <* denote the standard total derivative oper- 
ators on J°°TM and u c ^ i is the (constant) first order derivative coordi- 
nate of the jet z^ n+1) . 

Then, on account of (15.21) . the components of the derivative variables 
in pr (n+ i)V^ n+1 ) of order k < n vanish, while the vanishing of the 

<ii2-i„+r com P° nent Khii-in+i of P r z ("+D v i" +1) y ields the equations 

(5-5) C^ 2 ... Wl = ■ ■ • k +1 (r - = o 

for the coordinates C n b . „„ „ of vl n+1 \ 
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Fix 1 < i < p, and let w- n ^ G J™TM denote the jet with coordinates 

(5.6) = (Zg, 0, . . . , 0, Ccic 2 — c« = Co,jcic 2 -- c, l + M o,iCo,acic 2 -- c n )- 

Then, on account of equations (15.31) . (15.51) . we have that 



w. 



(») 



G J"g n kerpr ( „) = {0}, 



and so, by the assumptions, 

(5-7) Co,icica— cn M o,iCo,acic 2 --c„ = ^' i = 1, . . . ,p. 

Finally, let wf G J™TM, 1 < e < m, be the jet with coordinates 

(5-8) wW = (z:,0,..,0,C4...J. 

Then, by virtue of (15.31) . (15.71) . we have that 

wi n) G J z " o g n kerpr z („) = {0}. 

Consequently, ( a £ c ... c e = 0, which concludes the proof of the Theo- 
rem. □ 

Theorem 5.2. Suppose Q acts freely at where n > n* + 1. TTien 
it acts /reefy at any z^ +k) G J n+fc mtt ^™ +/c (z(, n+fc) ) = z^. 

Proof. It suffices to prove that acts freely at any z^ ri+1 - ) G J n+l with 
~ r i (z (. + i) )=z (n)_ Letg^G^i. 

Then obviously 7r™ +1 (g£ n+1 )) G ^^1), so by assumption, g^ n+1 ^ agrees 
with the jet of the identity transformation up to order n, that is, 
< +1 (gi n+1) ) = 4?- Thus in local coordinates, 

/c qn So — l z — Z o-, Zj — Z o-, L b — °b> ^fejfea ~~ U ' • • • ' 

for some Z„ ? . . These coordinates are determined by two sets of 

0,61 ■■■0 n + 1 J 

equations, the first one specifying that g^ +1 ^ belongs to Q^ n+1 "> and the 
second one imposing the condition that the transformation on the fiber 



induced by g^ +1) fixes 
We start with the first set of conditions. Since n > n* + 1, we can, 
on account of Definition 12.11 prolong the determining equations for Q 
in order n — 1 to conclude that there is a neig hborhood V C £> (n) of 
Izo so that n V is the solution set of a system of equations of the 
form 

^; i "- 6n (a (n - i) )^... 6n +G a (a M) ) = 0, 

(5.10) , 
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Furthermore, condition 3 of Definition 12.11 stipulates that, in addition 
to system (15. 101) . pseudogroup jets g( n+1 ) e Q( n+1 ) are determined by 
the equations 

^,^■■ 6 ' l (^^ (n - l) )^ 1 ... b „ e +(roeF a ,^•• b ")(^^ ) )^t■^ 

+ (B e G a )(z,Z^) =0, e = l,...,m, 

on the entire cylinder V 1 = (7r™ + ) (V). 

Now evaluate equations (15. lip at g„ ^ as given in (I5.9P to see that 

F a ?r bn (4,z C o,8%0,...,0)Z o l... bne 

(5 ' 12) + 4, 0, • • • , 0) + ^(z c a , z c a , ^,0,...,0) = 0. 

On the other hand, equation (I5.10p . when evaluated at the identity jet 
Hz™' 1 becomes 

(5.13) G a (z c ,z c ,8 c d ,0,...,0) = 0, 

which, after differentiation with respect to z e , shows that (15.121) reduces 
to a system of linear, homogeneous equations 

(5.14) F a b r K (z c Q , z c Q , 81 0, . . . , 0)Z o ; i ... bne = 0, e = 1, . . . , m, 
for the coordinates Z n ? ■ 

0,6i— 6„ + i 

Next we use formulas (13 . 101) to compute the action of g„ n+1 ' 1 at z^ +1 \ 
The components of interest are those in order n + 1, and these are given 
by 

= (WilD xkl )...(W^lB xkn+1 )U^ 
On account of (15. 9p . the only non-zero terms in (I5.15P arise from 

Wi 1 ■ ■ ■ Wl n+1 D *! • • • D fc n+1 f/ Q and 

(5.16) kl K+1 

After some manipulations we see that 
U a ■ 

Jl-Jn+l 

(5.17) = u a 0>jl ... jn+1 + (B xh + uljBun )■■■ (D^ +1 + uJ£JW )U a 

- u o,k n+1 (Pxh + • • • (B^i + ^mwO^+s 

where • denote the coordinates of z^ +1 \ Hence the conditions 
f^f ,• = w", • „■ lead to another system of linear, homogeneous 
equations for the coordinates Z ^.„ b in addition to (I5.14p . 
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Since Q acts freely at zg 1 ', it also acts locally freely at z ( ™> , and, conse- 
quently, also at z^ +1 ' by Theorem 15.11 This implies that the solution 
set to the homogeneous linear system obtained by combining (15.141) 
and the equations resulting from (15.17p must discrete. Consequently, 
it must be trivial, and hence Q acts freely at z^ n+1 \ □ 
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